Pavlo eats cakes and pies. His income is $20, and
when cakes and pies both cost $1, Pavlo consumes

4 cakes and 16 pies (point A in Figure A). But when
the price of pies rises to $2, Pavlo consumes 12 cakes
and 4 pies (point B).

a. Why does the budget constraint rotate as it
does in response to the increase in the price of pies?

b. Trace the diagram on a piece of paper. On your
diagram, separate the change in the consumption
of pies into the substitution effect and the income
effect. Which is larger?

c. Are pies a normal or inferior good? How do you
know? Are cakes a normal or inferior good? How do
you know?

d. Suppose that when cakes and pies both cost
$1, Pavlo’s utility function is U(C,P) = C**P°%,
where C' is cakes and P is pies. Use calculus to show
Pavlo’s optimal consumption bundle of cakes and
pies and utility at these original prices.

e. Suppose that when cakes are $1 and pies are
$2, Pavlo’s utility function is U(C,P) = C*™P",
Use calculus to show Pavlo’s optimal consumption
bundle of cakes and pies and utility at these new
prices.

f. Use calculus to decompose the effect of the
price change on Pavlo’s consumption into total,
substitution, and income effects for cakes and
pies.

g. Under these utility functions, determine
whether pies are a normal or inferior good
using calculus. Determine whether cakes are a
normal or inferior good using calculus.

h. Are your answers to parts (f) and (g) the
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Solution:

a. The price of cakes hasn’t changed, so Pavlo can
still buy 20 cakes if he spends his $20 all on cakes
(the y-intercept). However, at $2 per pie, Pavlo can
now afford to buy only 10 pies instead of 20.

b. The substitution effect is measured by changing
the ratio of the prices of the goods but holding utility
constant (Figure B). Therefore, it must be measured
along one indifference curve. To determine the
substitution effect of a price change in pies, you need
to shift the post-price-change budget constraint BC'
out until it is tangent to Pavlo’s initial indifference

Figure B

Cakes
20 -

16 -

same as those for parts (b) and (c)? Why or Total Income 12
why not? effect Subesi;t;‘telcltion 109 }
i. Assuming that Pavlo’s utility function is CS;SS) effect }
U(C,P) = C"™P", derive Pavlo’s Marshallian R
demand curve for pies, and show that the Law 1
of Demand is satisfied using calculus. 0 J; tl; 1|0 1|2 1|5 zl() Pies

j- Assuming that Pavlo’s utility function
is U(C,P) = C*™P" derive Pavlo’s Hicksian
demand curve for pies using calculus.
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curve U,. The easiest way to do this is to draw a new
budget line BC"' that is parallel to the new budget
constraint (thus changing the ratio of the cake and
pie prices) but tangent to U, (thus holding utility
constant). Label the point of tangency A'. Point

A’ is the bundle Pavlo would buy if the relative

prices of cakes and pies changed as they did, but he
experienced no change in purchasing power. When the
price of pies rises, Pavlo would substitute away from

buying pies and buy more cakes.

The income effect is the part of the total change
in quantities consumed that is due to the change in
Pavlo’s buying power after the price of pies changes.
This is reflected in the shift from point A" on budget
constraint BC" to point B on budget constraint BC,.
(These budget constraints are parallel because the
income effect is measured holding relative prices

constant.)

For pies, the income effect is larger than the
substitution effect. The substitution effect leads
Pavlo to purchase 4 fewer pies (from 16 to 12), while
the income effect further reduces his consumption by

8 pies (from 12 to 4).

c. Pies are a normal good because Pavlo purchases
fewer pies (4 instead of 12) when the purchasing power
of his income falls due to the price increase. However,
cakes are an inferior good because the fall in purchasing
power actually leads to a rise in cake consumption.

d. We need to solve Pavlo’s original constrained
optimization problem msuxapC’O'ZPO'8 $t.20=C+ P
using the Lagrangian approach. The Lagrangian

corresponding to this is

max £(C,P,\) = C**P** + \(20 - C - P)

The first-order conditions are

oL -0.8p0.8

—= =020""°P" - X1)=0
aC )

oL 02502

Lo g P02 _ )\(1) =
5P 0.8C A1) =0
oL

o 0-C 0
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This is a system of three equations with three un-
knowns (C, P, and \). The solution (C,P) is the
allocation that we are interested in. Combining the
first two equations, we see that

\ = 0.20708p08 _ (g gr02p02
Therefore, P = 4C'.

Combining this with the third of the first-order
conditions, we get

20=C+P

20 = C + 4C
C=4

P =4(4) = 16

As in the original setup of the problem, Pavlo should
buy 4 cakes and 16 pies at these prices. We also want
to find Pavlo’s level of utility at this original alloca-
tion: U(4,16) = 4°216°% ~ 12.13.

e. We need to solve Pavlo’s new constrained
optimization problem maxcPC’o'75P0‘5 s.t.20 =C +
2P using the Lagrangian approach. The Lagrangian
corresponding to this is

max L£(C,P,\) = C"™BP% 1 \(20 - C - 2P)

The first-order conditions are

oL ~0.25 0.5

— = 0.75C P - X1) =0
oC (1)

oL 0.75 p—0.5

OL _ g 509"p05 _ \(2) =
o5 = 050 A2) =0
oL

——= =20-C -2P =

o\ 0-C 0

This is a system of three equations with three un-
knowns (C, P, and \). The solution (C,P) is the
allocation that we are interested in. Combining the
first two equations, we see that

0.750*0A25P0A5 0~500,75P*0.5

W= 1 2

Therefore, C' = 3P.

Combining this with the third of the first-order
conditions, we get

20 = C + 2P
20 = 3P + 2P
P=4

C =3(4) =12
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As in the original setup of the problem, Pavlo should
buy 12 cakes and 4 pies after the price change.

f. To decompose this total effect into income and
substitution effects, we can solve the expenditure
minimization problem ming, pC' + 2P s.t. 12.13 =
C"?*P"®, The Lagrangian corresponding to this is

L(C,P\) = C + 2P + \(12.13 - C**P"%)

The first-order conditions are

oL ~0.8 0.8
——= =1-)0.2 P =
50 0.2C 0
oL 0.2p-0.2
9L _ 9 _ 0. P02 _
7 20.8C 0
oL 0.2 0.8

— =12.13 - [P =
oo 3-C 0

This is now a system of three equations with three
unknowns that can be solved for C, P, and A. C' and
P give the allocation that will allow us to separate
the substitution and income effects:

1 2

= 0,203 po3 = 0.8C"2p02

Therefore, P = 2C'.

Combining this with the third of the first-order
conditions, we get

12.13 = C**pO8
12.13 = C**(20)"®
12.13 = 204800.20048
12.13 = 2%8¢

C =6.97

P = 2(6.97) = 13.94

The substitution effect for pies therefore is the
difference between 16 and 13.94 (a decrease of

2.06 pies), and the income effect for pies is the dif-
ference between 13.94 and 4 (a decrease of 9.94 pies).
The total effect is thus a decrease of 12 pies. For
cakes, we find that the substitution effect is a posi-
tive 2.97 cakes (the difference between the original
4 and the 6.97 that we find here). The income
effect is also positive (here, it is 5.03, the difference
between 6.97 and 12). The total effect is an increase
of 8 cakes.
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g. Pies are a normal good for Pavlo since the
income and substitution effects are both moving in
the negative direction for the price increase. Cakes,
on the other hand, are an inferior good for Pavlo.

h. The answers using calculus are qualitatively,
but not numerically, the same as those in parts (b)
and (c). The reason is that the particular curvatures
of the indifference curves are different between the
functional forms and those drawn in Figures A and
B. This illustrates just how important preferences
are!

i. Pavlo’s constrained optimization problem
is maxcﬁPC’U'”’PO"r’ s.t. I = ppP + pC. The
Lagrangian corresponding to this is
max L£(C,P\) = COP% + AT - ppP - 50)

The first-order conditions are

oL ~0.25 0.5 —

— = 0. P - =
50 0.75C Apo) =0
oL 0.75 p-05 _ _
P 0.5C™""P App) =0
oL = _
aZI-pPP—pCCZO

Combining the first two equations, we see that

_ 0.75¢»p% _ 0.5C""P
% Pp

3ppP
Therefore, 2pC' = 3ppP or C = e
2pc
Combining this with the third of the first-order
conditions, we get

T =ppP +p;C

A

- 3ppP
I =ppP + Py
Pp + pC ( 2% )
Pavlo’s Marshallian demand curve for pies is
P= 1 .Sincca—P:— IZ<0,tthaW0f
2.5pp Ipp 2.5p%

Demand stating that demand is decreasing in price
holds.
j. Pavlo’s constrained optimization problem
is ming pppP + P C s.t. U = C"Pp% The
Lagrangian corresponding to this is
min £(C,P,\) = ppP + PcC + MU - C"PPpY)
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The first-order conditions are

oL ~0.25 0.5
— =D — N0.75C " P7°) =
aC Pc ( )
oL 0.75 0.5
= =pp— . P =0
oP pp — AN0.5C )
oL _ + 0.75 0.5
—==U-C""P” =0
oA
Combining the first two equations, we see that
0.75070.25P045 0.500475P*045
3ppP
Therefore, 2pC = 3ppP or C = Dr2
2Pc
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Combining this with the third of the first-order con-
ditions, we get

U _ 00.75P045
i (SPPP)O'75P0,5 _ pl2 (?’Pl)&75
2pc 2pc

Pavlo’s Hicksian demand curve for pies then is

pLs _ T (2%)0‘75
3pp

p— 8 (2%)0‘6

3pp
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